1. Introduction. The aim of this paper is threefold. First, by a unified approach, we prove that several classical blow-up results obtained over the last three decades for semilinear and quasilinear parabolic problems in R n are valid on noncompact, complete Riemannian manifolds, which include those with nonnegative Ricci curvatures. Next, we remove some unnecessary a priori growth conditions on solutions of the quasilinear case, which are assumed in the existing literature. Finally, we demonstrate a new critical phenomenon for some inhomogeneous, quasilinear parabolic equations. We also hope that this paper serves as a link for the many other papers on this subject, which lie scattered in several journals over a period of three decades.
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Specifically, we study the blow-up properties of the following homogeneous and inhomogeneous, semilinear parabolic equations and of the porous medium equations with nonlinear source:
where M n , with n ≥ 3, is a noncompact complete Riemannian manifold, is the Laplace-Beltrami operator, and w = w(x) ≥ 0 is an L 1 loc function. As we see later, there is a significant difference between the homogeneous problem ((1.1) and (1.3)) and the inhomogeneous ((1.2) and (1.4)) to warrant the separate listing. Homogeneous problems like (1.1) and (1.3) have been studied widely. In 1966, Fujita [F] proved the following results for (1.1) when M n = R n and V = 1: (a) when 1 < p < 1+(2/n) and u 0 > 0, (1.1) possesses no global positive solution; (b) when p > 1 + (2/n) and u 0 is smaller than a small Gaussian, then (1.1) has global positive solutions. The question of whether p = 1 + (2/n) belongs to the blow-up case was more difficult. In the 1970s several authors, [H] , [KST] , and [AW] , showed that p = 1 + (2/n) belongs to the blow-up case (a). In 1980, Galaktionov and others [GKMS] considered problem (1.3) (with σ > 0) in Euclidean space R n . They proved the following results:
(a) if 1 < p < 1 + (2/n) + σ , then (1.3) has no global solutions; (b) if p > 1 + (2/n) + σ , then there exist global positive solutions that decay like t −1/(p−1) . The critical case, again harder, was recently proven to belong to the blow-up case in [Ga2] , [MS] , and [Ka] . For a reference of the rich literature on this topic, we refer the reader to the survey paper [Le] .
The study of nonlinear parabolic equations on manifolds is important, due to its applications in geometry and other areas. Since equations on manifolds intrinsically have variable coefficients, to obtain global results one often needs methods different from the Euclidean ones. In [Z1] we generalized Fujita's result to the case of manifolds that support Gaussian bounds for the fundamental solutions of the heat equation. We then applied this result to give a nonexistent example of the well-known noncompact Yamabe problem in the positive scalar curvature case. The critical behavior of the inhomogeneous problem (1.2), even in the Euclidean case, was only recently addressed in [Z2] , when we treated (1.2) with V = 1. For some manifolds M n , we found an exponent p * , which is critical in the following sense: when 1 < p < p * , the above problem has no global positive solution for any nonnegative w = w(x) not identically zero and for any u 0 ≥ 0. When p > p * , the problem has a global positive solution for some w = w(x) > 0 and some u 0 ≥ 0. It is interesting to note that the inhomogeneous critical exponent is actually bigger than the Fujita exponent for the homogeneous (1.1).
Despite the progress, several important issues remain to be addressed. Do the critical exponents for (1.1) or (1.2) belong to the blow-up case? In [Z1] and [Z2] , this was left out. In the Euclidean case, a number of authors (see [AW] , [H] , [KST] , and [P] ) have shown that the critical exponent of (1.1) belongs to the blow-up case. However, the proofs are quite delicate and technical, and we are not able to generalize them to the manifold case.
What is a general condition on the manifolds under which the above critical behaviors for (1.1) and (1.2) still occur? Although the results in [Z1] and [Z2] hold for manifolds with nonnegative Ricci curvatures, the conditions on the fundamental solutions seem to be cumbersome. It would be better to have conditions on the manifolds directly.
What happens if there is an extra potential in front of the nonlinear term?
Can one generalize the blow-up result in [Ga2] and [GKMS] on problem (1.3) to manifolds? An examination of the proofs in [Ga2] , [GKMS] , and [MS] shows that the Euclidean structure is essentially used. These proofs include the explicit Zel'dovichKompaneetz-Barenblatt solution to the porous medium equation. Obviously, equations on manifolds do not afford these structures in general. We also mention that the papers [Ga2] , [GKMS] , and [MS] assume, a priori, that solutions are bounded for each fixed time before blow-up occurs. It is desirable to remove these assumptions as Pinsky [P] did for semilinear heat equations.
Does the inhomogeneous porous medium equation (1.4) also exhibit a blow-up property as the inhomogeneous heat equation (1.2)?
The goal of this paper is to address the above questions. Under simple and natural conditions on the manifold, using a method inspired by the elliptic results in [BCN] and [KV] , we are able to show that the critical exponents of (1.1) and (1.2) indeed belong to the blow-up case (see Theorems A and B below). The proof is simpler than the ones in the literature, even in the Euclidean case. Moreover, we are able to deal with the case when an extra potential of polynomial growth or decay is attached to the nonlinear term. For (1.3) we generalize the results of [Ga2] and [GKMS] to the manifold case, where we even allow σ to be negative. In R n , the subcritical part of this fast diffusion case was considered in [Q] , and the critical case was addressed in [MM] . In proving the theorems, we do not make any a priori assumption on the growth of solutions. In this aspect, Theorem C is new even in R n . To our knowledge, Theorem D is the first result concerning the blow-up of solutions for the inhomogeneous porous medium equation even in R n .
Unless stated otherwise, we make the following assumptions throughout the paper. For a fixed x 0 ∈ M n , there are positive constants α > 2 and C such that (i) |B(x, r)| ≤ Cr α , when r is large and for all x ∈ M n ; (ii) (∂ log g 1/2 )/∂r ≤ C/r, when r = d(x 0 , x) is smooth; here g 1/2 is the volume density of the manifold;
When M n = R n with the Euclidean metric, then clearly the above conditions on the manifold are met. If the Ricci curvature of M n is nonnegative, it is well known that (i) and (ii) hold, in fact, (∂ log g 1/2 )/∂r ≤ 0. We give some additional examples in Remark 1.5.
The definition of solutions for (1.4) and (1.3) is similar to that given in [GKMS] , except that here there are no assumptions of global boundedness and integrability for u (., t) .
for all τ ∈ [0, T ). Throughout the paper, when a solution u = u(x, t) of (1.1)-(1.4) is called a global positive solution, it means that u ≥ 0 and u(., t) is not identically zero for each t > 0.
The main results of the paper are the following. For the inhomogeneous problem, we need some extra assumptions for the critical exponent case. 
2) essentially becomes a homogeneous problem whose critical exponent becomes 1 + (2/n) in the Euclidean case.
We note that the conditions on part (c) of Theorem C are quite restrictive. However, the result indicates that 1 + σ + (2/α) is a critical exponent. In the future, we hope to establish global existence in the supercritical case under wider conditions. Remark 1.2. We emphasize that the proofs of Theorems A and B cannot rely on nonexistent results on semilinear elliptic equations. On the contrary, Theorems A and B automatically imply nonexistence for the elliptic problems. For instance, it is well known that the elliptic equation u + u p + w = 0 in R n has no positive solutions for p ≤ n/(n − 2) and w > 0. However, this does not imply that the corresponding parabolic problem has no global positive solution, because this does not exclude global positive solutions of the parabolic problem that either diverge to infinity or do not converge when t → ∞. Remark 1.3. When M n = R n with the Euclidean metric, the critical exponent for (1.2) is (n + m)/(n − 2). Another example is M n = R k ×S l endowed with the product metric. Here k ≥ 3. In this case, the critical exponent is
Remark 1.4. Currently we do not know whether p = (α + ασ )/(α − 2) belongs to the blow-up case for (1.4). We hope to address this in a future study.
Remark 1.5. Here we quote Lemma 1 in [Ki] , which gives more examples of manifolds satisfying (ii).
Assume that there exist positive constants c 0 , T , and sufficiently large R such that
Since r = (n − 1)/r + ∂ log g 1/2 /∂r, we know (ii) is satisfied in this case.
Theorems A, B, C, and D are proved in Sections 2, 3, 4, and 5, respectively.
Proof of Theorem A.
First, let us present a simple estimate to be used in the proof of the theorem. From now on, C is always a constant that may change from line to line.
Proposition 2.1. Under assumptions (i) and (iii), there exist positive constants
Proof. For any R > 2, let r 0 ∈ [1, 2] and l be a positive integer such that R = 2 l r 0 . Then, by (i) and (iii),
If −qm/p + α > 0, then
Thus, in each case, the proposition is proven.
Next we list more notation. Throughout the section, we let φ, η ∈ C ∞ [0, ∞) be two functions satisfying
We also need a cut-off function
where φ R (r) = φ(r/R) and η R = η(r/R 2 ). Clearly,
Proof of Theorem A. We use the method of contradiction. Let u be a global positive solution of (1.1). For R > 0 we set
where (1/p) + (1/q) = 1. Since u is a solution of (1.1), we have
Let us denote the cut locus to x 0 by E, and let be the complement of E in M n . It is well known that |E| = 0 and is star-shaped. Since the Stokes formula applies to Lipschitz functions and ψ R = 0 on ∂B R (x 0 ), we have
We pause to mention that in order to make the following argument rigorous, we need to use the standard procedure of approximating by a sequence of smooth and starshaped subdomains j (see [SY, p. 7] ). For brevity, we choose not to mention it here or in the subsequent sections. Since ψ R is smooth in , the last equality implies, via integration by parts,
We observe that u(
From these we obtain
Recalling the supports of φ R and η R , we can reduce (2.4) to
Since φ R is radial, for x ∈ we have
Taking R sufficiently large, by assumption (ii), that is, ∂ log g 1/2 /∂r ≤ C/r, we get
Merging (2.6), (2.5), and (2.1) and noting that |M n − | = 0, we know that
(2.7)
Therefore, as φ R , η R ≤ 1,
(2.8)
By the Hölder inequality, we have
From Proposition 2.1,
Hence,
which yields
that is,
Hence u ≡ 0. This is a contradiction.
This shows
Using the last two equalities and (2.10) again, we have
Therefore, u ≡ 0. This violates the maximum principle, since u(x, t) > 0 when t > 0 and u(x, 0) ≥ 0 is not identically zero.
Proof of Theorem B.
Suppose that u is a global positive solution of (1.2). We show that this leads to a contradiction.
Proof of part (a).
The beginning of the proof is similar to that of Theorem A. We keep the same notation. Let
Since w is not identically zero and ψ(x, t) = 1 when (x, t) ∈ Q R/2 , there exists a C 0 > 0 such that
when R is sufficiently large. Compared to Section 2, this is the only extra term. From this point, we can follow the argument between (2.2) and (2.10) to reach
Therefore,
In either case, we can find suitable C 0 (which may be different in value) and C 1 such that
R R k , and hence,
By substituting (3.3) in the left-hand side of (3.2) and simplifying, we obtain
For any integer j > 1, iterations give
Next we observe that
This and (3.4) show that there is a constant C 2 such that
Let j → ∞. We have
which means that u = u(x, t) has to blow-up when t ≤ R 2 . This proves part (a).
Proof of part (b). Now p = (α + m)/(α − 2). Obviously all the arguments remain valid if we shift the parabolic cube
To save symbols, the latter is still called Q R . So, in this part,
Just like (3.2), for large R, we now have
for all large R > 0. From (3.7), the mean-value theorem shows
Hence, there exists a sequence {R j }, and t j ∈ [R 2 j , 2R 2 j ], such that lim j →∞ R j = ∞, and
Because w is not identically zero, we can find a compactly supported w 0 being positive somewhere and 0 ≤ w 0 ≤ w. Since u is a global solution of (1.2), by following the argument in Lemma 1 in [P] , we have
G(x, t; y, s)w(y)dy ds
≥ t 0 M n
G(x, t; y, s)w 0 (y)dy ds ≡ F (x,t),
where G is the fundamental solution of the heat equation on M n . From (3.8), we have
By a change of the time variable,
Hence, we have the monotone convergence (3.10) where is the fundamental solution of the Laplacian on M n (see [LY] ).
Combining (3.9) and (3.10), we have, for any large R > 0,
By [LY] , (x, y) ∼ 1/d(x, y) α−2 for large d (x, y) . So it is easy to see that (3.12) Recalling that p = (α + m)/(α − 2), we obtain
By the extra assumption |B R (x 0 )| ≥ CR α , the last inequality leads to a contradiction since the left-hand side goes to ∞ when R → ∞. This proves part (b).
Proof of part (c).
The proof is similar to that of Theorem A, part (a) in [Z2] , so here we are brief. We use the contraction mapping principle to show that the following integral equation has a global positive solution when 0 ≤ w(x) ≤ /(1+d(x, x 0 ) α+δ ) for a sufficiently small > 0 and some δ > 0:
where G is the fundamental solution of the Laplacian. Let
By Proposition 2.3 in [Z2] , there is a constant C > 0 such that
From (3.14) and (3.15) it is easy to see that the operator
is a contraction in S M for suitable and M. Letū be a fixed point of T in S M . Clearlȳ u is a supersolution of (1.2) when 0
Since zero is a subsolution, we know that (1.2) has a global positive solution by the comparison principle.
Remark 3.1. For part (b) of Theorem B, we make the extra assumption that the Ricci curvature is nonnegative. The only reason for this is to ensure the existence of a positive Green's function for the Laplacian behaving like 1/d(x, x 0 ) α−2 near infinity.
Proof of Theorem C.
We have seen that the idea for the proofs of Theorems A and B is to exploit the size of some integrals on parabolic cubes. In dealing with porous medium equations, the idea is similar except that the corresponding parabolic cubes are different from the semilinear case. Let us introduce some related notation.
Throughout the section, we let φ, η ∈ C ∞ [0, ∞) be two functions satisfying
where φ R (r) = φ(r/R) and η R = η(r/R 2+ασ ). Clearly,
Proof of part (a) . In this part, σ ≥ 0 and p ≥ p 1 . We use the method of contradiction.
Given p > 1 as before, let q = p/(p − 1), p 1 = p/(1 + σ ), and q 1 = p 1 /(p 1 − 1). Clearly, p ≥ p 1 and q ≤ q 1 . Let u be a global positive solution of (1.3). For R > 0, we set R as a test function in Definition 1.1, which gives
Let us denote the cut locus to x 0 by E, and let be the complement of E in M n . It is well known that |E| = 0 and is star-shaped. Hence,
Since ψ R is smooth in , the last equality implies, via integration by parts and a standard limit argument,
. From these we obtain
Recalling the supports of φ R and η R , we can reduce (4.4) to
Since φ R is radial, one has, for x ∈ ,
Merging (4.6), (4.5), and (4.1), and noting that |M n − | = 0, we know that
(4.7)
(4.8)
Here p 1 satisfies p 1 (1 + σ ) = p. By the Hölder inequality, we have
Since p(q 1 − 1) ≥ p 1 (q 1 − 1) = q 1 and ψ R ≤ 1, we have ψ
For simplicity, we write k = (α + 2 + ασ )/q − 2 − ασ and k 1 = (α + 2 + ασ )/q 1 − 2. Consequently,
, and hence, (1 + σ ) ). Therefore, 1/q 1 = 1−(1/p 1 ) < 2/(α + 2 + ασ ) and
We claim that (4.11)-(4.13) imply that I R ≤ 1 when R is sufficiently large. The proof is as follows.
Suppose I R > 1 for some large R. Then I
Because k, k 1 < 0, (4.14) shows that I R ≤ 1 when R is sufficiently large. This is a contradiction. Now that we know I R ≤ 1 when R is large, we have I
Hence, u ≡ 0. This is a contradiction. Therefore, there is no global positive solution.
If p = 1+(2/α)+σ , then direct computation shows that k = k 1 = 0. Hence, (4.11) becomes
This shows
Using the last two equalities and (4.10) again, we have
Therefore, u ≡ 0. This contradiction shows again that no global positive solution is possible. This finishes the proof of part (a).
Proof of part (b)
. In this part, −2/σ < σ < 0 and p < p 1 . The proof is similar to that of part (a). However, since q 1 < q now, we set
Following the argument from (4.2) to (4.8) word by word, we obtain
(4.18)
By the Hölder inequality,
Since p 1 > p and ψ R ≤ 1, we have ψ 20) which yields
Here, as before, we write k = (α + 2 + ασ )/q −2−ασ and k 1 = (α + 2 + ασ )/q 1 −2. The rest of the proof is exactly the same as part (a).
Proof of part (c).
Following [GKMS] , we construct a global supersolution that ensures the existence of global positive solutions. As in [GKMS] , let
Since the cut locus with respect to x 0 is empty, r is smooth everywhere. By direct calculation, when z > 0, we have
where, as in Section 4, p 1 = p/(1 + σ ), q 1 = p 1 /(p 1 − 1), and
When 1+σ < p ≤ 1+(2/α)+σ , inequality (5.2) clearly implies (4.11). Therefore we can copy the arguments between (4.11) and (4.16) to show that no global positive solution exists for (1.4). Hence, we only have to deal with the case 1
When p > 1 + (2/α) + σ , we have, by using (5.3 ),
Therefore, R k 1 ≥ R k when R is large. We observe that there is a constant C > 0 such that I R ≥ C when R is large. Otherwise there would be a sequence {I R j } such that I R j → 0 when j → ∞. This would imply that ∞ 0 M n u p (x, t) dxdt = 0 and u ≡ 0. This is a contradiction. Since p ≥ p 1 and I R is bounded away from zero when R is large, we can find a C > 0 such that I 
R (x, t) dx dt = ∞,
which means that u = u(x, t) has to blow-up when t ≤ R 2+ασ . This proves part (a) of Theorem D.
Proof of part (b).
Assuming that p > α(1 + σ )/(α − 2), we prove that (1.4) has global positive solutions for some nonnegative w and u 0 . Since zero is a subsolution, we only need to construct a global supersolution.
To this end, let us consider the elliptic equation
Under the assumptions of Theorem D, part (b) and since p/(1 + σ ) > α/(α − 2), we can find a nonnegative w = w(x) being positive somewhere, such that (5.8) has a nonnegative solution u that is not identically zero. For details, one can see the proof of Theorem A, part (a) in [Z2] or the proof of Theorem B, part (c) of this paper (with V = 1). We note that, under the above conditions, the existence of positive solutions for (5.8) in the Euclidean case is known (see [BP] ), and the proof in the manifold case is basically the same. Letū ≡ u 1/(1+σ ) , then clearly
Sinceū is independent of time, it is a supersolution of (1.4) for the same w and u 0 = w. A standard argument then shows that (1.4) has a global positive solution.
